1. Introduction and summary. Let ñ be a set, ft a o-algebra of subsets of 0, and m be a measure defined on ft whose range R is a subset of fe-dimensional Euclidean space Ek, i.e., m is a completely additive set function defined on ft such that each component of m is nonnegative. If each component of m is nonatomic it was shown by Lyapunov [3] , Halmos [2] , and Blackwell [l] that R is a convex set. Now let ft be the class of Borel subsets of the real line, let m = (mi, m2) where »ii is Lebesgue measure and m2(A) counts the number of integers in the set A. Then R is not convex, in fact R is the set of points {(x, y)} where x = 0 and y is a nonnegative integer. Yet if (x, y)ER and (x, y) lies on the line segment connecting the zero vector and m(A) it is easily seen that there exists A'EA such that m(A') = (x, y). In this note we give a definition of relative nonatomicity which covers situations of this kind and prove the analogue of the convexity theorem.
2. Definitions and results. We shall assume throughout that every subset of ß that is discussed is measurable, i.e., an element of ft. Hence we may apply the definition and the above procedure separately to A' and A-A'. After some manipulation we obtain a< 1/4.
Repeating this process indefinitely yields a = 0, which is a contradiction.
Lemma 2. Suppose m is nonatomic relative to R. Then for every set A there exists BEA such that m(B) =r0(A) =am (A) for some a, with 0=agl. It then follows from the definition of relative nonatomicity that there exist B"EB' and a" with 0<a"<l such that m(B")=a"m(B').
But this contradicts the fact that B' is minimal for A-B, i.e., m(B')=r0(A-B). Hence m(B')=m(B). Now if m(A-B -B'
) is the null vector we are done. Otherwise we repeat this process. But clearly this must stop in a finite number of steps, and the lemma is proved. By the same techniques we have immediately Lemma 4. Suppose m is nonatomic relative to R. Let A be a set and suppose ro(A) is not the null vector. Then A is the union of finitely many disjoint sets, each having measure r0(A). and by choosing 7 sufficiently small we violate the maximality of B. Thus ß = a and theorem is proved.
